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The topology we give a set F of real functions is determined not by e-balls, with E > 0, but by 
e-balls, with e E F strictly positive. For F we will consider C(X), the continuous real functions 
on a space X, or L and Ba, the veal functions on R which are Lebesgue, or Baire measurable; in 
this case we are interested in the quotient spaces L/-, and Ba/-, with f-g if f agrees with g 
except on a null set, or on a meager set. 
We first show that C(R) is not normal, and then generalize this and prove nonnormality for 
nondiscrete, first countable or locally compact, nonpseudocompact X. We find a nonpseudocom- 
pact space S without isolated points such that C(S) is hereditarily paracompact under CH, the 
Continuum Hypothesis. 
We next show that L/- is hereditarily paracompact under MA, Martin’s Axiom, but that Ba/- 
is not hereditarily normal. Also, L/- and Ba/- are proved nonhomeomorphic without using MA. 
We also consider a topology on C(X) induced by open subsets of X x R. 
Keywords: Lebesque-measurable function, locally compact, m-topology, Baire measurable func- 
tion, first countable, nonnormal, continuous function, graph topolcgy, MA, nonpseudocompact, 
paracompact, CH. 
A MS ( MOS) Subj. Class.: Primary 54C35, 54D15, 54D18, 54BlO; secondary 54B05, 
54D45,54E65,54A35,28A20. 
In this section we define the objects we will be studying. 
0.1. The sets of functions considered 
For 2 space X let C(X) denote the set of continuous real-valued functions on 
If A is a a-algebra of subsets of R, then a real-vuxWr- ~r~k4 f~~~ctio~ f on IF4 is call 
A-measurable if f + U E icularly irit@-r?’ 
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in the sets L, the Lebesgue-measurable functions, Ba, the Bake measurable functions, 
and Bo, the Borel measurable functions, where A is the family of the Lebesgue 
measurable sets, the family of the sets with the property of Baire (defined next), or 
the family of the Bore1 sets. 
A subset of R is said to have the property of Baire if it can be represented as a 
symmetric difference U A M, with U open in R and M meager (= first category 
in the ugly terminology of yesteryear = the union of countably many nowhere dense 
sets). 
0.2. T%e m-topology 
Given a set F of real functions on X, the uniform to;lology on F is the topology 
induced by the metric 
In this topology a neighborhood base for f~ F consists of all open E-balls. 
B(f, E) = {g E F: Ig(x) -f(x)1 < E for x E X}, 
with E > 0. 
The m-topology is a natural generalization of this. If F+ denotes the set of strictly 
positive functions in F, then a neighborhood base forfe F in the m-topology consists 
of all e-balls 
B(f, e) = (g E F: Jg(x) -f(x)1 < e(x) for x E X}, 
with e E F’. In order for this topology to be well defined we require 
F+#0, and for allf, gE F we have ]flc F,f-gE F,fAgcE (*) 
(For if g E B(f; e), put d = e - If-gi. Then d E F’ if (*), and clearly B(g, d) E 
B(f, e). Also, if d, eE F+, then d A eE F+, and B(J d) n B(J e) = B(f, d A e).) 
Since (*) holds for C(X), L, Ba or Bo, the m-topology is defined for the spaces 
considered here. It is finer than the uniform topology if F contains all constant 
functions. 
Warning: If FE G, then the m-topology on F need not be the subspace topology 
it inherits from G, when G carries the m-topology. 
(The m-topology on C(X) was introduced by Hewitt [ 13, Definition 33. We refer 
to [ 13, 10, 27, l] (and [ 111) for information about the ring-theoretic significance of 
the m-topology.) 
0.3. The graph topology 
The graph topology on C(X) is the topology which has the family of all sets of 
the form 
G( up = {j-k C(X): graph(f) c U)+ 
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when U open in X x R, as a base. We will mainly deal with the m-topology, since 
it is more pleasant to work with. In Proposition 3.2 we show that the graph topology 
and the m-topology on C(W) coincide, and in Section 8 we show that they coincide 
on C(X) for nice (e.g., paracompact) X, but can be different. 
Notat jan. In order to avoid confusion we write C,(X), or C,,,(X), or C,(X) to 
denote C(X), when equipped with the uniform, m, or graph topology. No such 
notation is necessary when we deal with L, Ba or Bo since these spaces only carry 
the m-topology. 
0.4. The quotients considered 
Every two nonequal functions in C(R) differ on a big set namely on a nonempty 
open set. By contrast, nonequal functions in L, Bo or Ba can differ on a small set, 
indeed at only one point. We will remedy this by identifying such functions. This 
requires some precision. For F, a set of real-valued functions on R, which carries 
the m-topology, and 9’ an ideal of subsets of R, define an equivalence relation - 
on F by 
f-g if (XER:f(X)#g(x)}E I. 
We will consider the quotient space F/-, which, for clarity, will be denoted by 
F/Z. Then the quotients considered are 
LlJK w4 Bo/ 9, Bo/ % 
where JV = null sets, .& = meager sets, 9 = finite sets, % = (at most) countable sets. 
L/N and B&A are quite natural, since the families of Lebesgue measurable sets, 
or of sets with the property of Baire are the smallest a-algebra generated by the 
family of open sets, and by the family of null sets, or of meager sets, respectively. 
On the other hand, the family of Bore1 sets is the smallest c-algebra generated by 
the open sets alone, and includes % hence 9, so Bo/ 9 and Bo/ % are less natural; 
we consider them only because our proofs for L/N also work for Bo/9 and Bo/ % 
By contrast, Ba/A behaves quite differently. 
0.5. Spaces of partial functions 
Ba/A can be better handled if we consider it as space of partial functions. We 
define such spaces in more generality than we need since it does not cause extra work. 
Let X be a space, and let 9 be a filter of subsets of X. Then 
of all continuous real-valued functions f with dom( f) E 9 (of c 
the subspace topology). We topologize P(X, 9) as follows: A b 
offE P(X, 9) is an e-ball 
B(J;e)= gEP( 
( 
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with e E P’(X, 9) (self-explanatory). We define an equivalence relation - on 
P(X, 9) bY 
f-g iff {~Ex:f(~)=g(x)}&. 
If a denotes the family of residual (= co-meager) subsets of IF!!, then we will see 
that there is a natural homeomorphism Ba/ A + P(R, 9). Note that or each X we 
have 
P(X, {X)1 = pw, VW/- = cnw). 
1. Introduction 
In this paper we investigate normality of spaces of functions with the m-topology; 
we are especially interested in C,,,(X), i.e., C(X) with the m-topology, and in L/N 
and Ba/& the Lebesgue and Baire measurable real functions on R, under a natural 
equivalence relation. We have tried to make our work accessible to readers without 
much experience in topology, especially our result about C,,,(lR) (and C,(R)). 
We begin with pointing out that our spaces of functions are completely regular 
(including T,), the next separation axiom below normality. This can easily be proved 
directly. An interesting alternative is to recall that topological groups are completely 
regular (if they are T,), for one easily checks that for each of the function spaces 
or their quotients considered in this paper the functions (f, g)+f-g, (f, g)+f* g 
and f-) l/f (whenever defined) are continuous, see [ 13, Theorem 31 for the special 
case C,,,(X). (There is an obvious way to define these functions for the quotients 
considered.) 
We also point out that the question of whether (or when) C,,,(X) is normal is 
without interest if C,(X) is metrizable. It is easy to see from X when this happens. 
1.1. Proposition [ 13, Theorem 31. The following conditions on X are equivalent: 
(a) X is pseudocompact (i.e., every member of C(X) is bounded, or, equivalently, 
every member of C’(X) is bounded sway from zero); 
(b) C,.,,(X) = C,(X); and 
(c) C,,,(X) is metrizable. 
On the other hand, none of the spaces L, Ba, Bo or the quotients L/N, Ba/Jt&, 
Bo/ 9 and Bo/ % is metrizable, since none is first countable as one can easily check. 
We begin with considering the most interesting case of a C,.,,(X) with X 
nonpseudocompact. 
C,(R) is not normal 
The argument works for other X as well. his together with roposition 1 .I lea 
to the following characterization. 
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1.3. Theorem. Let X be a nondiscrete space which is either locally compact or first 
countable. Then 
X is pseudocompact H C,(X) is metrizable H C,(X) is normal. 
(We discuss the little bit that is known about C,(D) for discrete D in Remark 
2.5.7.) 
In other words, for sufficiently nice X there is no interesting case that C,(X) is 
normal. But if we drop the conditions on X there is an interesting example with 
C,,,(X) even paracompact, at least under CH. (Recall: metrizable+paracompact+ 
normal.) 
le. There is a countable space S without isolated points such that C,,,(S) 
is hereditarily paracompact if CH holds. 
(Note: A countable space without isolated points is not pseudocompact.) 
We emphasize that we construct our example S without using CH (or other 
additional axioms), but we need CH to prove C,,,(S) is paracompact. I do not know 
if C,,,(S) is paracompact, or normal, under weaker additional axioms, or under no 
additional axioms at all. 
We next discuss the spaces of discontinuous functions L, Ba and Bo and their 
quotients L/N, Ba/.&, Bo/9 and Bo/ %; we consider o/ 9 and Bo/ % because the 
technique that works for L/N also works for these two quotients. Each of these 
seven spaces is T, (see Proposition 6.1 for the four quotients), hence, as pointed 
out above, is completely regular. The argument we use for Example 1.4 also 
establishes our next result. 
1.5. Theorem. L/N and Bo/ 9 and Bo/ % are hereditarily paracompact if CH holds. 
Unlike above it can be shown that this result holds under weaker assumptions 
than CH, see Section 6, but as above I do not know if it holds if one does not 
assume additional axioms. 
All I know about L (and also about o) is that they are not hereditarily 
normal, see Proposition 6.4. The situation for Ba/JU is similar. I do not know if it 
is paracompact or normal, whether or not under additional axioms. l-IO-wever, it is 
fairly easy to prove our next result. 
Bald is not hereditarily normal. 
This shows that under (somet 
Bo/% is homeomorphic to 
additional axioms. 
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1.7. Theorem. If Q is one of the quotients L/N, Bo/9 or Bo/ %, then Q is not 
homeomorphic to Ba/.& since every countable subset of Q is closed, but BalJtl has a 
countable nonclosed subset. 
This, again, shows that while there are many similarities between the a-ideals of 
null sets and meager sets, there are also significant differences, cf. [23]. I do not 
know if every two of L/J& Bo/9 and Bo/ % are nonhomeomorphic or not. 
An interesting feature of our arguments is that they are based on the theory of 
box products: We prove nonnormality or nonhereditary normality by finding a 
closed subspace homeomorphic to a box product that is known to be nonnormal 
or not to be hereditarily normal. Also, we prove hereditary paracompactness by 
modifying a proof from [7, Section 151 that certain quotients of uncountable box 
products are hereditarily paracompact, under suitable set theoretic assumptions, 
which is inspired by a similar result of Roitman about quotients of countable box 
products, [24, Theorem 51. This is not surprising since the m-topology is similar to 
the box topology. 
I am indebted to Kazik Alster for bringing the question of whether C,,,(R) is 
normal to my attention, and to Mary Ellen Rudin for bringing the (equivalent, see 
Proposition 3.2 or Section 8) question of whether C&R!) is normal to my attention, 
as well as for insisting that I publish this result, and to Frank Tall for informing 
me that the question of whether C,(R) is normal or paracompact occurs in [I4, 
p. 65, #12]. I am also indebted to Dorothy Maharam for asking if L and L/N 
are normal. 
2. Preliminaries 
2.1. Conventions and notation 
All spaces considered will be completely regular (including &). As usual, w(X) 
denotes the weight (= minimum cardinality of a base) of X. 
The reals and the nonnegative integers are denoted by I?! and N. We use f+J to 
index sequences, use n, k, i, j for elements of N, and frequently supppress N. For 
example, (x,),, denotes the sequence @,JntrNr and “for each n” abbreviates “for 
each n E N”. 
An indexed family of (A,, : y E r) of sets will be called 
-disjoint if A,, n A6 = 0 for distinct y, 6 E r, 
-discrete if each IX%Z has a neighborhood intersecting A,, for at most one y E I’. 
The function on X (which will be clear from the context) with constant value 0 
will be denoted by 
We will be very imprecise when dealirlg with quotient spaces Xl-, since precision 
only complicates matters: We will not distinguish between the sets X and Xl- 
and simply write x for the ---equivalence ckss of x. This will not lead to confusion. 
Ebnnormality of spaces of real functions 9 
The image and inverse image of a set A under a function f will be denoted by 
f+A andf’A, respectively. As usual we identify cardinals with initial ordinals, e.g., 
write ml for K,, and use c to denote the cardinality of the continuum. Countable 
means at most countable. 
2.2. Pseudocompactness 
We will use the following well-known fact without explicit reference. 
. Fact. A space is not pseudocompact iff it has a discrete sequence of nonempty 
open sets. 
We prove the sufficiency since we frequently use this proof: Let ( U,,), be a discrete 
sequence of nonempty open sets in X. By complete regularity choose fn E C(X) with 
.fo { 
0, for x e Un, 
“X = 
n, for some x E Un. 
Then C, f, is a real function on X since ( U,),, is disjoint and C, fn is continuous 
since (U,), is discrete. 
2.3. The space ar N 
The space culY is the one-point compactification of fU cwl+J is the standard example 
of a nontrivial convergent sequence (with limit point): Every nondiscrete first 
countable space has a (necessarily) closed subspace homeomorphic to cufU 
2.4. The space ‘N 
The underlying set of %J consists of all functions N + N; its topology is induced 
by the metric 
dk y) =C P-5 x(n) #y(d) (C 0=0). 
This metric is complete. %J is nothing but the product of o copies of N. It is known 
to be homeomorphic to the irrationals, but we will not need this. 
2.5. Box products 
Let wy> YE 1‘ be an indexed family of spaces. The box (= 0) product of the x,, 
denoted by Cl,,, ,- XY (or simply by 0, Xn if r = N) is defined as follows. The 
underlying set of Cl,, ,- X,, is the product set n YEI- X,,, i.e., the set of all x = (xy),,~,- 
such that x, E XY for all y E l-‘., and Cl,, l- Xr is topologized by taking the family of 
all sets of the form 
n 4 with each U,, open in 
7-1 
to be a base. Note that the difference with the usuai 
condition “ U,, = y y E _!-‘. 
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The following simple observation clarifies the statement from the introduction 
that the m-topology is similar to the box topology. 
roposition. I” X is discrete, then C,,,(X) is q xEx R, (each R, = R). 
Another reason box products are relevant for C,,,(X), is often homeomorphic to 
a box product. For instance, if Q denotes the rationals, then C,,,(Q) is homeomorphic 
to the box product of countably many copies of C,,,(Q). More generally, we have: 
roposition. Let X be the topological sum of 9’ (so 9’ is a disjoint open cover 
of X). Then C,(X) is canonically hooneomorphic to q SEY C,,,(S). 
The information about box products we need in this paper is the following result 
from [6]; see [7, Sections 7, 121 for more information. 
2.5.3, Theorem. If X0 = %4 and Xn = arN for n > 0, then 0, Xn is not normal. 
Since normality is inheredit by closed subspaces, this enables us to prove C,,,(X) 
nonnormal (for suitable X) by simply finding a closed subspace homeomorphic to 
the nonnormal box product of Theorem 2.5.3. While doing so we will use the 
following fact without explicit reference; the proof is similar to the proof for ordinary 
products. 
2.5.4. Fact. Let (X,, : y E r) and ( Yy : y E IJ be indexed families of spaces, with 
X,, c_ Yy for each y E r’. Put 
x= cl xy, Y= cl Y?. 
YE/‘ YE/’ 
(a) The topology of X coincides with the subspace (of Y) topology. 
(b) If Xv is closed in Yy for each y E r, then X is closed in Y 
Similarly we prove certain spaces to be not hereditarily normal by using the 
following result from [6] (see also [7, Sections 7, 121). 
2.5.5. Theorem. 0, Y,# (each Y, = CYN) is not hereditarily normal. 
In the proof that Ba/- is not hereditarily normal we need the following generali- 
zation of this result, which can be proved in the same way. 
normal. 
If each Y,, is nondiscrete and countable, then Cl, Y* is not hereditarily 
.7. . The question of whether C,(D) is normal or paracompact is well 
nown III the equivalent (by Proposition 2.5. ) form ofa question about box products. 
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It is known that if D is countably infin’ rte and discrete, then C,,,(D) is paracompact 
if CH holds, [26], or under weaker additional axioms, see [7, Section lo] for a 
survey, but nothing is known without assuming additional axioms. Absolutely 
nothing is known about the normality or paracompactness of C,(D) if D is an 
uncountable discrete space, no matter how large its cardinality. 
2.6. The Roitman trick 
It is an easy known result that: 
If X is a space such that U 9 is closed for each collection of closed 
sets with IS] c w(X), then X is paracompact. (*) 
Roitman proves in [24, Theorem 51 that a certain space is paracompact by using 
the proof of (*), even though condition (9) is not (necessarily) satisfied. The key 
idea of her proof, which has been useful to me before, [7, Section 151, will be made 
explicit by the following definition and lemma. 
. Definition. A space X is called an R,-space if it has a base % such that U & 
is closed for each &C % with ]&I C K. 
ma. If X is an R,ixl- s p ace, then X is paracompact and in fact is ultrapara- 
compact (i.e., every open cover has a disjoint open rejnement ). 
roof. Let % witness that X is an R,,(x I.. space. Without loss of generality, ]%I= 
w(X). Let ‘F be an open cover of X. Enumerate {U E %: (3 VE clr)[ UC V]) as 
( UQ. : Q! < w(X)). Then 
is a disjoint open refinement of W: Cl 
The following simple observation will be used to show that certain spaces are 
not R,-spaces. 
. If X is an R,-space, then each A G X with IAl < 1 
We point out that in each case we use Le 
have used (*), for we always apply 
x is a nonisolated G8 (hence 
reader to verify this. 
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3. Nonnormality of C,,,(R) 
roof of Theorem 1.2. For each n E N define 
A,={f~C,,,(R):f(x)=Oifx~(2n,2n+1)}; 
also define 
A= fEC,(R):f(x)=OifxtiU(2n,2n+l) 
1 
. 
n 
Also, let 0 denote the closed unit interval [0, l] and define 
B = (0 Crn(0: f(0) =f(l )I* 
It is clear that A is closed in C,(R), and that each A,, is homeomorphic to I?. So 
if we prove the following two claims, then C,,,(R) is not normal because of Theorem 
2.5.3 and Fact 2.5.4. 
Claim 3.1.1. A is homeomorphic to Cl, A,. 
Claim 3.1.2. B has a closed subspace homeomorphic to %I. 
Proof of Claim 3.1.1. We clearly can define a bijection u from (the underlying set 
of) 0, An to A by 
G(f) = CJ’;,. 
II 
We show that u is a homeomorphism. LetfE Cl,, A,, be arbitrary. For each e E C+(R) 
we clearly have 
“-(r! Wf,, 4) = B(d.f), 4. 
It follows that G is continuous at J Furthermore, for each sequence (en),, in C’(W) 
we can define e E C+(R) satisfying 
for all n EN and x E R, if x E [2n 2n + l), then e(x) = e,,(x). 
(Make e constant on (-00, 0] and linear on [2n + d,2n + 21 for each n.) But then 
clearly 
c*(lj Wi, ed) = Bb(f)A. 
It follows that a is open at f (or 6’ is continuous at a(j)). Cl 
lroof of 
the norm 
3.1.2. Since II is compact the space C,(O) is a Banach space under 
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hence so is its closed subspace B. We easily can find a double sequence (fn,k)n,k in 
B such that 
1l.L.k II = 1 for n, k, 
J,,k(~) = 0 or&(x) = 0 f ora x~U,foralln,k,i,j~~withn#iork#j. 11 
Since B is a Banach space we can define a function + : ‘N + B by 
Hx) =c 2-” *.&.x(n)* 
n 
Clearly + is an isometric embedding if %/ carries the metric of Section 2.4. Hence 
B has a subspace homeomorphic to ‘% which is closed since it is complete in the 
induced metric. 
(Alternatively: B is completely metrizable but nowhere locally compact, and every 
such space has a closed subspace homeomorphic to %J. Alternatively: B is homeo- 
morphic to ‘R, being a separable infinite dimensional Banach space, by the Ander- 
son-Kadec theorem, [3, p. 1891.) Cl 
roposition. C,( I$) = Cm(R). 
roof. Each e-ball B(f, e) is open in C,(R) since B(J; e) = G(U), where 
U = {(x, y) E R x 118: ]y -f(x)] < e(x)}. 
Now consider f~ G( U) for some open U E R x R. Since bounded closed intervals 
are compact one can find a nonincreasing sequence (E,,)~, of positive numbers such 
that for each n 
{(x, y)~ R x R: n c 1x1 s n + 1 and If(x) -yl < E,} E U. 
Let e be the function from R into R which for each integer z is linear on [z, z + l] 
and has e(z) = Q. Then e E C’(R) and B(f, e) s G(U). Hence every set G(U), 
with U open in 08 x R, is open in C,,,(R). 0 
. Let C”(R) denote the set of real-valued functions on iw which have 
a continuous kth derivative, topologized as follows: A basic neighborhoo 
f~ C”(R) has the form 
{g E Ck(R): lD’g(x) - D’f(x)l < e(x) for is k, for x E R}, with e E C+(R). 
(It makes a difference if one requires e E C”(R) as well.) Note that C’(R), with this 
topology, equals C,(R), but that the topo!ogy we give C”(R) is strictly larger than 
the m-topology for k > 0. 
It is stated in [ 14, p. 40, Example 31 that C k+‘(R) is homeomorphic to C”(R) x IR 
for all k 2 0. If true, this would i 
CO(R) = C,(R) ca CM as a close ace in C’(rrP) 
for k > 0, (*) 
14 
hence that 
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C”(w) is nonnorma! for all k 2 0. (**ie) 
The obvious way to prove (*) for k = 1 would be to consider cp : Co(R)+ C’(R), 
defined by 
I 
1 
cpuxd = f(t) a* 
0 
However, cp is not continuous. (Consider a nonnegative f~ Co(R) with f(0) > 0 
whose support is compact. Then (2-” l f),, is a convergent sequence in Co(R). But 
(~(2~” of)),, is not a convergent sequence in C’(R) since it is not a convergent 
sequence in C’(R), for no ~(2~” l f) = 2-” l <p(f) has compact support.) So it is not 
clear if (*) holds (even for k = 1 and without “closed”). (Hirsch agrees.) In spite 
of this (**) is true: 
special case k = 0. 
4. Nonnormality of c,(X) 
One only has to make the obvious changes in the proof of the 
We assume that X is nonpseudocompact and nondiscrete. Then there is a discrete 
sequence (V,,)” of nonempty open sets in X such that V. contains a nonisolated 
point. We choose for each n a nonempty open U,, E V,,, satisfying conditions to be 
specified later, and define as in 3.1 
A,={f~C,(X):f(X)=Oifxe U,,} fornEf+J, 
A= 
1 
f~C,(X):f(x)=OifxtiU Un . 
n I 
Clearly A is a closed subspace of C,,,(X). 
Step 1: w/‘e ensure that A is a homeomorphic to q ,, A,. Since clearly (U,),, is 
discrete, we can define u : IIn A, + A by 
4.f )=C.L* 
n 
Clearly (z is a bijection. We want o to be a homeomorphism. From the proof of 
Claim 3.1.1 it is clear that this will be the case if ( U,,),, has the following property: 
An easy 
For each sequence (en),, in C’(X) there is an e E C’(X) such that 
for all n E N and x E X, if x E U,,, then e(x) = e,,(x). (I) 
way to ensure ( 1) is to assuine: 
For each n there is a continuous h,, : -+ [O, I] such that for all x E X, 
ifx~ U,,, then h,,(x)= I, and if x& V,,, then h,,(x)=O. (2) 
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for then we can define e by 
e=C(h,* e,)+l-C h,, 
n n 
as a moments reflection shows. 
Step 2: We ensure that A, has a (necessarily closed) subspace homeomorphic to 
cuN for n > 0. If Vn has an isolated point x, then let Un = {x}. Then clearly A, is 
homeomorphic to R, hence has a subspace homeomorphic to aRJ. Note that there 
trivially is an h, as required in (2). 
If Vn has a nonisolated point, our next step shows how to find a closed copy of 
“N in A,. 
Step 3: We ensure that A0 has a closed subspace homeomorphic to %I. Let p be a 
nonisolated point of VO. Ey complete regularity there is a continuous function 
9 : X + [0,2] such that cp( p) = 2 and p(x) = 0 whenever x ti VO. Define U0 and ho by 
u-l = so+u, 0% h,(x) = min{l, q(x)} (x E X). 
Let B be the subspace 
B = (f~ C”(X): *f(x) = 0 whenever x ti U,,} 
of C,(X) (indeed we want the uniform topology!). In Section 3 we saw that if we 
take fnqk E B for n, k E f+J such that 
1ifn.k 11 = 1 for all n, k E N, 
fnJx) = 0 or&(x) = 0 f orallx~X,foralln,~,i,j~fVwithn#iork#j9 
then we can define an embedding $ of %J into B with c”.osed image by 
cLCx) =I 2-“f,,x(n)- 
n 
In the particular case X is locally compact we could have made sure that un is 
compact, and then B = A0 as in Section 3. 
Now consider the case X is first countable. We will show that the fn,k can be 
chosen in such a way that + is an embedding of %J into A0 with closed image. 
Since every open set of B is open in A0 it is clear that rC, is an open function from 
%J onto ~~%J, and that +“%J is closed in AO. So we only have to ensure continuity. 
Let ( W,), be a decreasing local base at our point p. Since p is not isolated we 
can choose the fn,k in such a way that 
foralln,kEf+landxEX, ifxe Wn, thenfn,(x) = 0. 
To see that this choice of the fn,k works, consider any 
e( 2) > 2-” whenever z E Wm. 
But then for all x, y E NN, if x(n) = y( n) for n s m, then 
]@(x)(z)--$(y)(z)l< c -n=2-m<e(z) forz 
n>m 
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Izmark. An alternative way to do Step 3 is as follows. Let the Wn be as above. 
Choose a disjoint sequence (D,),, of infinite open subsets of X such that D,, c &,n 
Wn for each n. Define 
P,,={f~C,,,(X):~f(x)]~2-“ifx~D,,,andf(x)=Oifx~D,,}, ndl; 
P = {fc C,(X): If(x)] d 2-” if x E Dn for some n EN, 
andf(x)=Oif x&uII II,,}. 
Then P is closed in C,(X), hence in A,-,. Also, P is homeomorphic to fl, P,,, and 
each P, has an infinite closed discrete subset. 
.2. Remark. Theorem 1.3 holds for a class of spaces which generalizes both first 
countable spaces and locally compact spaces, namely the spaces of pointwise 
countable type, [2, Definition 3.81: Recall that X is said to be of pointwise countable 
type if 
X = U {K C_ X: K is compact and has a countable neighborhood base}. 
4.3. Remark. Remark that a space is called pseudonormal (some authors use “weakly 
normal”) if every two disjoint closed subsets, one of which is countable, have 
disjoint neighborhoods. The argument in [7, Section 111 shows that C,(D) is 
pseudonormal for every discrete space D, whether countable or not; this does not 
depend on additional axioms. On the other hand, it is shown in [7, Section 121 that 
the nonnormal box product of Theorem 2.5.3 is in fact not pseudonormal. Hence 
we have proved the following variation of Theorem 1.3, becezse ;J7f Proposition 2.5.1. 
4.4. Theorem. [f X is locally compact or first countable, then 
X is pseudocompact or discrete @ C,,,(X) is pseudonormal. 
4.5. Remark. From Theorem 2.5.5 we get another variation of Theorem 1.3. 
4.“. ’ :a %orem. If X is locally compact or first countable, then 
X is pseudocompact aC,.,,( X) is hereditarily normal. 
5. The example 
We plan to produce a countable space S without isolated points such that C,(S) 
is an R,,- space, see Definition 2.6.1. Since clearly I C,( S)] = c we have W( C,;(S)) s c 
(actually w( C,,,( S)) = c), hence C,,,(X) will be hereditarily paracompact if CH holds. 
We also show that C,,,(S) is not an R,,z-space, by showing it has a nonclosed subset 
of cardinality ol, hence CH is essential for our proof. 
As a means for recognizing when C,,,(X ) is an ,,,-space we introduce the 
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efinition. A is called a DRS-space (for Discrete Refining Sequence) if for 
every sequence ( U,,), of nonempty open sets there is a a discrete sequence ( Vn)n of 
nonempty open sets such that V,, c Un for each n. (Note that we do not require 
U,,, # U,, whenever m # n.) 
We then have the following results. 
xample. There is a countable DRS-space S. 
heorem. If X is a DRS-space, then C,(X) is an R,,-space. 
roposition. C,(S) has a subset of cardinality o1 that is not closed. 
It will be clear from our construction of S that it has no isolated points, and 
(hence) that it is not pseudocompact. This will also follows from our next observa- 
tion, part of which will be used below. We omit the easy proof. 
ropositioa. (a) A DRS-space is nonpseudocompact and has no isolated points. 
(b) A dense subspace of a DRS-space again is a DRS-space. 
(c) If X is a DRS-space, then so is X x Y for every space Y. 
We now proceed to the proofs. 
5.6. Construction o le 5.2. Denote the product lj 2._w, N, (each M, = N) by 
I7. Then n is separable, being the product of a family of at most c separable spaces, 
[9, 2.3.161, so let S be a countable dense set. Because of Proposition 5.5, it suffices 
to prove that n is a DRS-space. 
Let (U,), be a sequence of nonempty open sets in 17. For each n choose a finite 
F c [0, 01) and a function pn : F,, + N such that 
(x~I7: ~((~)=p,(cu)forx~F,)~ U,,: 
this is possible since the left-hand side is nothing but a basic open set in 17. Pick 
any 7c < w1 with r @ Un F,. It should be clear that we can define our Vn by 
V,={~~IYkx(cu)=p,(a!)fora~F,,andx(~)=n}. 
.3. For f e C,,,(X) and e E C’(X) define a modified e-ball 
around S, included in B(J; e), by 
U(J e) = U B(f, (1 -3-k) l e). 
k 
Clearly the family of all U(J e) is a base for C,( 
consider arbitrary sequences (J,>, in C,( 
= u K#k @,A. 
t1 
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Our task is to show that A is closed. Pick any g E C,(X) - A. For all n, k the open 
set 
Vnk={xcX: ig(x)-f,(x)l-(i-3-9 l e,(x)>O} . 
is nonempty; to see this note that since g ti B(f,, (1 - 31i-1) l e,) there is x E X with 
Ig(x) -h(x)] 2 (l-3-“-‘) = e,(x) > (l-3-“) . e,(x). 
Since X is a DRS-space, there is a discrete double sequence ( Wn.k)n,k of nonempty 
open sets in X with IV& c Unwr, for all n, k We claim that there is an e E C’(X) 
such that: 
For all n, k there is a p E X 
with e(p)=lg(p)-f,(p)l-(l-3-‘;) l e,(p). (*) 
to see this pick pnqk E Wn.k, and note that the right-hand side of the equality is positive 
for p = pnek since pn,k E W,,,I; E V&, hence that we can choose an en,k E C”(X) with 
e~.li(~~.li)=Ig(p,.~)-f,(p,.~)I-(~-3-’) l e, pd, 
e&x) = 1 for xti W,.,. 
Since ( W,,,),, is discrete we can define our e to be n n,k e+ 
It is an easy consequence of (*) and the triangle inequality that B(g, e) n 
B(f,,(1-3-“)=e,,)=0foralln,k.HenceB(g,e)nA=Osothatg~~. El 
5.8. Proof of Proposition 5.4. S has a base 93 with ]B]= ml. For B E 9l and n E N 
choose fB,” E C,(X) - (0) with 1 f&(x)I < 2-” for all x E S, and fB,” (x) = 0 for all 
x E S - B. It is easy to see that OE ( fS.n : B E 9l, n E N}. Cl 
We conclude this section with a couple of remarks. 
5.9. Remark. Proof 5.7 is similar to proofs of an analogous result about certain 
quotients of uncountable box products in [7, Section 151. Roitman implicitly proved 
an analogous result about a certain quotient of countable box products in [24, 
Theorem 51. The main, interesting, difference between her proof and the proofs in 
[7, Section 151 or Proof 5.7 is that she uses intersections of decreasing sequences 
from the “natural” base, while we use unions of increasing sequences from the 
“natural” base. 
. There are many more DRS-spaces X with I C,(X)1 = c. My first 
example was the example of Comfort and Ross of a Lindeliif P-space (= every Gs 
is open) G without isolated points with w(G) = wl, [5,3.2]. (To see that I&.,( G)I = c 
use the fact that IC(X)l s We if X is Lindeliif [ 121, see also [4].) This example 
is a topological group; our example S can also be made a group. There are examples 
which are connected, like fl,,,, Iw, (each R, = W); this space has dense connected 
subspaces which are hereditarily Lindeliif, hereditarily separable, o-compact and 
a group (simultaneously). 
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mark. We can precisely characterize which countable spaces X are DRS- 
spaces. To this end we remind the reader that the r-character of x in X is defined 
bY 
nx(x, X) = min{ I%l: % is a family of nonempty open sets such that every 
neighborhood of x includes a member of %}. 
2. Proposition. The following are equivalent for a countable space X : 
(a) 7rx(x,X)>oforallxEX. 
(b) For each sequence ( U,,), of nonempty open sets with Un Un = X there is a 
disjoint sequence (V,), of nonempty open sets with Un Vn = X such that Vn E U,, for 
all n. 
( The only justijkation for including this condition is that at first sight it seems that 
no countable space can satisfy it.) 
(c) X is a DRS-space. 
(d) Every countable subset of C,,,(X) is closed. 
roof. (b)*(a). Given a sequence (U,), of nonempty open sets, consider the 
sequence (Ux), of nonempty open sets defined by 
U$=X, Uz+,= Un (n>O). 
(c)*(d). This follows from Theorem 5.3 and Proposition 2.6.3. 
(d)+(a). Same argument as in 5.8. 
(a)+(b). Let X be well ordered in type w. With recursion on n we will construct 
pairwise disjoint nonempty clopen (= closed-and-open) ‘1” satisfying 
(1) KE u,; 
(2) Ui<” ViUUj% 4 = X; 
(3) U/c-Ui<n V;:#@ if kan; 
(4) Vn contains min( Un -Ui<n V). 
Then U,, Vn = X. For let x be the kth member of X, and let I = {n EN: x E U,}. 
If I has a kth element m, then XE Uism & by (4), and it Z has no kth element, 
then x E U, V” by (2). 
Let m E N, and suppose Vn to be known for n < m. Put 
F= X- 
( ( 
u V”UlJU 
)) 
9 x 
ncm j>m 
=min( Um-ig K). 
Then F E Urn by (2), and for each n > m the set 
UL= K-U V 
i<m 
is nonempty because of (3). Since X is countable an 
isolated points we can find a decreasing sequence ( 
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Enumerate Fu(x} as (Y,),,~~, not necessarily one-to-one. Since 7rx(y,, X) > 0 for 
n 3 m, we can with induction choose a clopen neighborhood K, of y, for n > m 
such that 
K”E WI, (U+Wi)- IJ &#fd foriam. 
msksn 
Clearly 
KI = U K 
n%m 
is open and satisfies F u {x} E Vm c Urn. Also, V,,, is closed since 
x-v,= x-w,- 4 u 4 i l n>m mcicn 
Since ( Wn)” zm is decreasing and K,, c we have 
u”-U V;.=U:,-Vn,~(U:,-Wn)-Vn,=(U:,-W,)- IJ Kk#@, 
i -5 m mSk<n 
hence (3) holds for n = m. Finally, (2) and (4) hold since F u {x} G Vm. 0 
5.13. Remark. There is an obvious generalization of DRS-spaces to K-DRS-spaces 
in which one considers K-sequences (= transfinite sequences indexed by ordinals 
<K). Example 5.2 and Theorem 5.3 (and Proposition 5.5) have straightforward 
generalizations. So if 
there is an infinite cardinal K with 2” = K+, (*) 
then there is a s-n-- yawz X with X nonpseudocompact and without isolated points 
such that C,,,(X) is hereditarily paracompact. Unfortunately the analogue of Proposi- 
tion 5.4 also holds, so one needs (*) unless one finds a better proof that C,,,(X) is 
paracompact. 
ark. It is not known if (*) holds in ZFC. The consistency of 1( *) requires, 
by a result of Dodd and Jensen, quoted in [21], at least the consistency of a 
measurable cardinal. 
5.1 . The property “C,,,(X) is paracompact” has unusual behavior under 
the taking of products, at least if CI-I holds: R does not have it, but Iw x S does, by 
Proposition 5.5(c). (I do not know if an X and Y exists such that neither X nor 
Y has it, but X x Y does.) 
Throughout this section we let (F, I) be one of (L, X), (Ba, %j and (Ba, V). Work 
with (certain quotients of) box products, [7], suggests a way of handling F/ I which 
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avoids uninteresting technicalities. Let q : F + F/Z denote the quotient map. As in 
the case of box products, [ 16, 1.81, cf. [7, 6.161, q is open since for all f~ F and 
e E F+ we have q’B(f, e) = &J e), where &f, e) is the modified e-ball 
&J e) = {g E F: (x E R: (g(x) -f(x)1 2 e(x)} E I}, 
which is easily seen to be open. We now combine our convention of not distinguishing 
between the underlying sets of F/Z and F with the usage of modified e-balls. 
(Another way of looking at this is that we work with E which is F, retopologized 
by using the modified e-balls as a base. Then F/Z is the factor group &{O}-, where 
}I is the closure of (0) in Z?:, hence paracompactness (without Hausdorffness) of 
F implies paracompactness of F/Z (with Hausdotiness).) 
The following results imply Theorem 1.5 and part of Theorem 1.7. 
6.1. 
6.2. 
6.3. 
Proposition. F/Z is T’, . 
F! Z is an Z&-space. 
act. IL/N1 = Ii301 = c. 
From Theorem 6.2 and Fact 6.3 we see that F/Z is an R,-space of weight c under 
CH, hence, by Lemma 2.6.2, is hereditarily paracompact. 
The following result was promised in the Introduction. 
6. roposition. L, Bo, and a are not hereditarily norm4 
We now proceed to the proofs. 
roposition 6.1. ForA g E F with {x E R: f(x) # g(x)} ti Z we can define 
eEF+withg&(f,e)by 
e(x) 
1 
kW--./WI, if&) Wx), = 
1, otherwise. 
(Note: if (F, I) is one of L/N or Bo/ % (or even a/N) one even can find a co 
e E F+ with g @ &f, e), but this cannot always be done if (F, Z) = (Bo, 9).) Cl 
For the proof of Theorem 6.2 we need to consider the following families: 
P,, = {A G R: A is Lebesgue measurable} - JV; 
!P1 = {A E 08: A is Borel} - %‘, and 
P2 = {A c R: A is Borel} - 9’. 
We need the following lemma, w is trivial for i = 2, a 
i=O, 1. 
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efinement Lemma. Let i < 3. For each sequence (P,), in !Yi there is a 
disjoint sequence (Q,,),, in 9i with Q,, C_ P, for each n. 
f. It suffices to prove the weaker version of the lemma in which we only require 
QOnQn=Ofor n>O. 
i=O: For n>O choose Qmc_Pn with O<A(Q,,)<3-“*h(P,); then let QO= 
Po-U”>&. 
i = 1: We need to know that there is an uncountable collection % of pairwise 
disjoint Bore1 sets, each of which is included in go: Given such a Ce we can pick 
QO~ % such that P, - Q0 is uncountable for each n > 0 since for each n > 0 there is 
at most one C E % with P, - C not uncountable. To see that Ce exists we recall that 
the Cantor Cube n,, Dn (each D” = (0, 1}), which is homeomorphic to its own 
square, can be embedded in every uncountable Bore1 set in Iw, [ 17, Section 33, 1.3; 
18, XII, Section 63. 
i = 2: Left to the reader. Cl 
6.7. Proof of Theorem 6.2. With PO, 9, and 9$ as above, let (F, I, 9) be one of 
(L, N, 9), or (Bo, %, P,), or (Bo, %, 9$). We proceed as in Remark 5.9 and define 
our u(_K 4 by 
U(f,e)=U&f,(l-3~“)*e) (fEF,eEF+). 
k 
Then f~ U(f, e)c &A e), for f~ F, eE F+, hence the family of U(f, e) is a base 
for F/I. 
Let (fn)” and (e,), be arbitrary sequences in F and F +, respectively, and consider 
any g E F/I -lJ, U(fn, e,). For every n, k E N define the difference d,,, : R + R by 
d n.k=Ig(X)-S(x)l-(1-3-k) l e,(x). 
for all n, k we have dzk(O, 00) E 9 since dz,,, [0, 00) E 9 (this argument we used in 
Remark 5.9), hence by the Disjoint Refinement Lemma we can find a disjoint double 
sequence (Q,,& in 9 with QneA c d Lk(O, 00) for all n, k. Define a strictly POSithe , 
e:lbR by 
e(x) = I d,,,&), if x E Q”,k for (unique) n, k E N, 1, otherwise. 
In each of the three cases considered we have e E F+. It is clear that &g, e) n 
&J,, (l-3-“) l e,) =0 for all n, k EN, hence gti (Un U(f,, e,)). 0 
6. act 6.3. To see that 1 L/N1 = c, which ought to be known, recall that 
for each j? R + R one has f~ L iff one can choose a sequence (O,,), of F,-sets in 
R such that f r DAn is continuous and A(R - I$,) < 2-” for each n, [23, Theorem 
8.21; clearly $ and g differ only at a null set if S 1 4r.n = g r Din for all n. The result 
now follows from the fact that there are cF, in Iw and c continuous real functions 
on each separable nonempty l-lausdorff space. 
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That IBol = c is well known, [ 17, Ch. II, Section 27.11: If 3 is a countable base 
for R, then each f: II3 + R is determined by the indexed family (f‘B: BE Se) since 
f’(x) = lJ {f ‘B: x E B E 9) for x E R. The result now follows from the fact that 
there are c Bore1 sets. 0 
6.9. Proof of Proposition 6.4. The subspace 
(f~L(orBoorBa):f(x)=Oforx~R-N} 
is easily seen to be a (closed) subspace of 1, (or Bo, or Ba) homeomorphic to Cl,, Iw, 
(each I&, = Iw), hence each of L, Bo and Ba has a subspace homeomorphic to Cl, Y, 
(each Y, = (UN), which is not heredita:-ily normal by Theorem 2.55 Cl 
If N is a null set in R with 1 NJ = c, then 
(f~L:f(x)=Oforx~R-N} 
is a closed subspace of L homeomorphic to 
mentioned in Remark 2.5.7 that there is no 
box product is normal or paracompact. 
a box product of c copies of R. It was 
information as to whether or not this 
We complete this section by showing that our proof that F/I is paracompact 
requires less than CI-I (in contrast with Section 5), yet does not work without 
additional axioms. The following fact is similar to a result about box products, [7, 
Remark 10.111. 
osition. Let (F, I, 9) be as in 6.7. Then the following are equivalent for 
each cardinal K: 
(a) For each G c F with 1 G/ c K, if g'(0, 00) E 9 for each g E G, then there is e E F + 
such that {x E R: e(x) s g(x)} E 9 for all g E G; 
(b) F/ I is an R,-space; 
(c) for all A E F/ I, if IAl c K, then A is closed. 
roof. (a)=+(b). Same argument as in Proof 6.7. 
(b)+(c). This is trivial. 
i(a) If G is a counterexample to (a), then A = {g A :gEG)(forf;gEF 
we put (f A g)(x) = maxIf( g(x))) is a counterexample to (c) since clearly 
for aEA, but &O, e)nA#Q) for each eE F+. Cl 
In the follo-wing theorem MA denotes artin’s Axiom, a 
Definable Forcing Axiom [8]; we will not need to enunciate these axioms, since 
ces of DFA and most cons 
and DFA are consist 
our next theorem shows that for ea 
an &-space is strictly wea 
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eorem. For (F, 9) as considered, and a cardinal K, let a( F, 9, K ) be the 
statement that (a) of Proposition 6.11 holds. Then MA implies a( F, P, c) and DFA 
implies la( F, 9, 02). 
roof. We have to prove six implications. 
(1) MA+a(L, go, c). Let G c L have IG] <c and satisfy g’(0, 00) EPO for each 
g E G. For each g E G we can find n(g) EN with 
C-P 9 -n(g) co] E 9. 
It is shown in [S] that MA implies that: 
For all le E PO with 1931 c c there is & E PO with I&I= o 
such that (VGE %)(~AE A)[Ac G]. 
Using this and the Disjoint Refinement Lemma we can find a disjoint double 
sequence (Qn,k)n.k in go such that 
(vg c G)(3k E N)[ Qntg).k c g+[2-“(‘), (=)I= 
We can now define eE L+ with (VgE G)[(x E Iw: e(x)< g(x)} E %-J by 
-n 
e(x) = 
2 9 x E Uk Qn,kr 
1, otherwise. 
(2) DFA*la(L, PO, 02) and DFA*la(Bo, 9, 02). It is shown in [8] that there 
is s4 C_ PO, consisting of compact sets, with IJ$I = wl , such that (VP E 9$,)( 3 A E .s@ 
[A E P]. It is easily seen that 
G={2-“9~~: AE&} (xA = characteristic function of A) 
is a counterexample to a( L, &,, 02). It is also a counterexmple to a( Bo, PI, ~2) 
since for each e E Bo’ there is n E w suc”n that e’[2-“, m) has positive measure. 
(3) MA-, a(Bo, 9,) c). We first improve the Disjoint Refinement Lemma as fol- 
lows: MA implies that: For all 54’ E 8, with I %I c c there is a disjoint indexed family 
(D(G): G E %) in 9, with D(G) E G for each G E % and with each D(G) compact. 
We may assume that each member of Ce is a copy of the Cantor Cube. Now MA 
implies that: If C denotes the Cantor Cube, and if SQ is a collection of less than c 
dense open sets in C, then n d includes a dense G5 of C (hence includes a copy 
of C). 
One can construct the D(G) with transfinite recursion (after having % well ordered 
in type I %I) using the consequence of MA just mentioned as follows: Assume D(G) 
to be known for G < H, and that D(G) n H is nowhere dense in H for each G < H. 
Find a copy H’ of C such that H’S H -U GCH D(G). Let SQ be a disjoint family 
of copies of C with l&l = c and U ~4 = H’; such a family exists since C x C and C 
are homeomorphic. For each K E 59 there are at most countably many AE ~4 with 
An K not nowhere dense in K. ence we car.4 pit (G) E d such that 
is nowhere dense in for each K E 92 (witlb K > 
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Now let G c B. have IG] < c, and assume g’(0, m) E 9, for each g E G. For each 
gE G choose n(g)Ef+l with 
g’[2_“‘R’, 00) E 9,) 
and use the sharpened Disjoint Refinement Lemma to find a disjoint indexed family 
(Dg : g E G) of uncountable compact sets with Dg E gC[2-“(g), 00) for g E G. For 
?rEO put 
K,=u{o,:gEGhasn(g)=n}. 
Each K, is the union of less than c compact sets, hence MA implies that there is a 
G6-set G, in R with 
(The proof is the same as for the well-known case that IKn 1 c c for each n, see e.g. 
[8].) We now define our e E Bo+ with {x E Iw: e(x) s g(c)} E 9, for each g E G by 
e(x) = 
2-“, ifxE6, -Uk<n Gk for a unique n E IV, 
1, otherwise. 
(4) MA+a( Bo, P3, c). Let G c Bo have ICI< c and g’(0, 00) E 9$ for each g E 6. 
Without loss of generality for each g E G we have 
Ig’(o, 4l= 0, g’R c (-00, O] u (27 n E tV}. 
By a routine appplication of MA we find 
f: u g’(O,oo)+{2-‘I: PEN} 
gCG 
so that 
(nEg’(O,Qf(n)~g(n)} isfinite 
for each g E G. Now proceed as in (3) with K, =f’{2-“} for n EN. 
(5) DFA+la(Bo, !P$, 02). It is shown in [8] that DFA implies that there is 
Gc% with IGl = w1 such that (Vf E %)(3g E G)[f < g] (where f < g 
g(n) for all n). for gE G define g*E Bo by 
if x E N, 
otherwise. 
Clearly {g*: g E G} is a counterexample to a( Bo, PJ, 02). Cl 
7. iwes 0 artia s 
We study spaces of partial function 
different, more ea iS 
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. Theorem If% denotes the family of residual sets in IR, then I3aI.H and P(R, 92 )/ - 
are homeomorphic. 
Our results about Ba/A will therefore be consequences of results below. 
We begin with generalizing the fact that Ba/.&. is 7’, . 
roposition. Ifs is a Jilter of dense sets, then P( X, $2~ )/ - is T, , hence completely 
regular. 
Our next result shows that spaces P(X, 9) are different than the spaces L/JV’, 
Ba/9 and Ba/ %. 
7.3. Theorem. If9 is aJilter of dense sets and w(X) = c., then P(X, 9) has a countable 
set with exactly one limit point. 
As a corollary (to the proof) we will obtain: 
7.4. Theorem. If 9 is a filter of dense sets and w(X) = W, then P(X, 9) is not 
hereditarily normal. 
Proposition 7.2 shows that P(X, !3), unlike L/JV, Ba/S or Ba/ % is not an 
&,-space. Our next two results show that P( X, 9) for suitable X and 9 (e.g. for 
(Wand9)has two properties that every &,-space has. 
7.5. Theorem. If X has no isolated points, and if 9 is a jilter of dense sets containing 
all dense open sets, then P(X, 9) is zero-dimensional. 
This proof is very similar to the proofs that certain spaces of functions, or their 
quotients, are R,, -spaces. 
r: 
A* 1 .wlem. If x and 9 are as in Theorem 7.5, then P(X, 9 ) has no nontrivial 
con i.. gent sequences. 
Before proceeding to the proofs we discuss an amusing consequence of our results. 
Recall Lusin’s theorem that: 
A real function J on Iw is Lebesgue measurable iff for every E > 0 there 
is 0 c Iw with h(lW - D) < E such that f 1 D is continuous, 
[23, Theorem 8.21. In view of this we call a real function f on Iw strongly measurable 
if there is a co-null set K, i.e., K E X where 
X=(DclR: h(R-D)=O} 
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with f 1 K continuous. Let S denote the space of strongly measurable functions. It 
is known that S # L (as sets), [23, p. 371. We can see this from our results as follows: 
If S = L (as sets), then S = L, (as spaces,), hence then S/N= L/N. The proof of 
Theorem 7.1 will make clear that S/N is homeomorphic to P(R, X) (we just defined 
X). But P(R, 9) has a countable subset which is not closed, by Theorem 7.3, while 
L/N is an &,-space by Theorem 6.2, hence P(lR, 9) and L :x” are not homeo- 
morphic. 
We now are ready for the proofs. 
7.7. heorem 7.1. Denote P(R, 9) by l? It is well known that iff is a real 
function on R, then f is Baire measurable iff there is a residual K c R such that the 
restriction f 1 K is continuous, 123, Theorem 8.11. We verify that this induces a 
homeomorphism cp : Ba/- + P/-; cp sends the --equivalence off E Ba to the -- 
equivalence class off 1 K, where K is any element of 9 such that f K is continuous. 
It should 
Pi-. It is also clear that 
hence (9 is a homeomorphism (since q maps Ba+/- onto P+/-). Cl 
Denote P(X, 9) by R Consider f; g E P with _F+ g, 
and let D = dom( f) n dom( h). There is y E D with f(y) # g(y), hence one can find 
a strictly positive continuous e : D + IR with U = {x E D: e(x) < 1 f(x) - g(x)l} non- 
empty. Then g @ B(f, e), for if E E 9, then D n E is dense in D, hence it intersects 
the open subset U of D. 
That P is completely regular now follows from the fact that it is a group, under 
the obvious addition. 0 
roof of Theorem 7.3. We use the same sort of argument as in 5.8. Let (B,, : ?t E w) 
enumerate some base for X (a r-base would do, too). For n E N chaos 
with I] fn 11 =2” such that fn (x) = 0 for x E X - B, ; note that f # 0, hence 
the members of 9 are dense. It is easy to see that is the unique limit point of 
{fn: n 4) in P(X, 9)/-. Cl 
Let (U,), be a disjoint sequence of nonempty open 
sets with 2 = Un U,, dense; note that YE 9. Define 
%={D&: DC Y}, 9,,=(U,,nE: Ed}. 
Clearly P( X, 9) is homeomorphic to P(2, %‘), which in turn is homeomorphic to 
Cl,, P( U,,, S,,). As each sn is a filter of dense subsets oi 
7.3 that P( X, 9) has a (cl 
nondiscrete countable space. 
2.5.6. Kl 
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roof of Theorem 7.5. We proceed as in Proofs 5.7 and 6.7. Denote 
l e). 
n 
We claim that U is closed. To see this consider any g E P - U. Let 
D= n domUd 
hE{e..G~l 
and for MN define e,:D+R by 
e,(x) = (g(x) -f(x)1 - (l-3-“) 9 e(x). 
Then for each n there is x E D with e,(x) 2 0, hence e,,+,(x) > 0. Since X has no 
isolated points it follows that for each n the set eL+,(O, cc) is infinite, hence we can 
find a sequence (x,), in X with 
x, E C+,(O, 4, X, #Xi if i< n, for each n. 
Let I be an infinite subset of N such that {Xi : i E I} is relatively discrete. Choose a 
disjo%t indexed family ( V : i E I) of open sets in Xi with 
xj E ‘Ji, 6 n D s eT;+,(O, 00) for i E I. 
Let 
E=X-Bd 
Then E is dense open in X, hence E E 9. Also, (V : i E I) is a discrete sequence of 
clopen sets in E, hence one can define a strictly positive d : D n E + R by 
d(x) = 
ei(X)9 ifxEDnViforsomeiEI, 
1, otherwise. 
Since for all A E 9 and i E I one has A n & # 0 it is easy to check that B(g, d) n U = 0. 
Hence U is closed, as required. q 
roof of Theorem 7.6. Denote P(X, 9) by P. Since P/- is a group it suffices 
to show that there is a nontrivial sequence in P /- that converges to 0. Let (fn)” be 
any sequence in P with J, + 0 for each n E N. Then {x E dom(f,): fn(x) f 0) is infinite 
for each n since X has no isolated points and since the members of 9 are dense. 
Hence we can find a sequence (x,,),, in X with 
fnW # 0. 
From this one can construct an infinite I 
! just as in Proof 4.11. II 
a dci + such that J;, 94 
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7.13. Remark. (a) The conditicn that 9 consists of dense sets is essential in Proposi- 
tion 7.2 (consider the neighborhood filter of 0 in Iw), but it is not necessary (consider 
the filter of deleted neighborhoods of 0 in 88). The condition that $8 be free is not 
sufficient (consider the cocountable filter with X the space of countable ordinals 
in the order topology). 
(b) The condition w(X) = m is essential in Theorem 7.3 (let S be as in Example 
5.2, and note that P(S, {S}) = C,,,(X)). 
(c) The condition that 9 contain all dense open sets is essential in Theorems 7.5 
and 7.6 (consider 9 = (X}), but there are other circumstances in which the proofs 
work, for example, if X is normal and if points in X are G,, and !B is free. (Make 
sure that (xi)iEI is closed discrete in X or that (Xi)iEf has one limit point p. In the 
first case let E = X, and in the second case let E = X -(p}. Then E is normal in 
both cases. The rest should be clear.) 
7.1 . The quotients of box products mentioned at the end of the Introduc- 
tion and in Remark 5.9 are quotients of the form P( 0, !B)/ -, where D is an infinite 
discrete space, and !ZJ = {A ,c D: 10 - AJ < IDI}. 
. The graph topology 
In this section we characterize those spaces X for which C,(X) = C,(X) and 
show that if C,,,(X) # C,(X), then the graph topology on C(X) fails to satisfy a 
condition that we feel every reasonable topology on Z(X) must satisfy, that of 
being wide, as defined below. Also, one needs possibly discontinuous functions to 
describe C,(X), by Lemma 8.3. 
8.1. Definition. A topology T of C(X) is called wide if every nonempty member of 
T has two elements f. s 0 such that f(x) # g(x) for each x E X. 
We review some definitions needed for our characterization: 
A function p : X + Iw is called kc (for: lower semi-continuous) if cp’( r, a) is open 
for each r E II%. 
A space X is called a cb-space if it satisfies one of the following equivalent [ 19, 
Theorem 11, conditions: 
(1) for every strictly positive lscf: X + R there is a cp E C+(R) such that f(x) 2 
p(x) for all XE X; and 
(2) for each decreasing sequence (F,,),, of closed sets with n,, F,l = 8 there is a 
sequen:e (Z,,),, of zero sets with n, Z,l = 0 such that Zn 2 & for each n. 
(This is equivalent to the original definition in [H].) 
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(W C,(X) = Cn(X ), i.e., the graph topology and the m-topology on C(X) coincide; 
and 
(c) the graph topology on C (X ) is wide. 
roof. (a)*(b). Obvious from Lemma 8.3. 
(b)*(c). The m-topology is clearly wide. 
(c)a(a). Consider any strictly positive lscf : X + Iw. By (c) and Lemma 8.3 there 
are (in the notation of Lemma 8.3) h, h’ E B(0, f) with h(x) # h’(x) for all x E X. 
We now can define a (9 E C’(X) such that f(x) > q(x) for all x E X by 
q(x) = #(x) - h’(x)J. q 
8.3. Lemma. For f E C( X ) and each strictly positive e : x + IR define 
B(f, e) = {g E C(X): I&) -./WI < e(x)forx E X). 
Then for each f E C(X) the family 
(B(J e): e : X + Iw is lsc and strictly positive) 
is a neighborhood base (consisting of open sets) for f in the graph topology. 
Proof. Recall from Section 0.3 that CJ X) has the family { G( U): U open in X x W} 
as a base, where 
G(U)=JkC&X):(x, h(x))E Uforeachx~X}. 
Fix f E C,(X). 
Step 1. Consider an arbitrary strictly positive lsc e : X + Iw. Define 
U={(x,y)EXXIW:ly-f(x)l<e(x)forallxEX}. 
Clearly B(f, e) = G( U), so we prove that B(f, e) is open in C,(X) if we show that 
U is open in X x R. Consider any (s, t) E U. Then d = f( e( s) - 1 t -f (s)l) is positive, 
hence we can define an open V in X x R with (s, t) E V E U by 
Step 2. Consider an open U C_ X x IF3 with f E G( U). Define a strictly positive 
e:X+IW by 
e(x) = sup(r E (0,l): x has a neighborhood V such that 
Vx(f(x)--r,f(x)+r)E U}. 
(Note that e is well defined.) Clearly B(.f, e) E G( U), so it remains to show that e 
is kc. Consider arbitrary r E R, then we want to show that e’( r, 00) is open. This is 
trivial if r s 0 or r 2 1, so assume 0 < r < 1. Consider an arbitrary x E e”(r, a), and 
put d = f< e( s) - r). Then r +2d < e(x), hence from the definition of e(s) and the 
continuity off at s we see that s has a neighborhood V such that 
Vx(f(s)-(r+2d),f(s)+(t%?d))c U, 
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If(x)-j(s)lCd forxe V. 
then V c_ e’( r, 00) since for each x E V 
VW(x)-(r+d),fW+(r+d)) 
E Vx(fQs)-(r+2d),f(s)+(r+2d)). 0 
Corollary (to Proposition 8.2). Zf X is me&able, and more generally if X is 
per;fectly normal, then C,(X) = C,,,(X). 
A more general result is our next corollary. 
(to Proposition 8.2). Zf X is normal, then C,(X) = C,,,(X) ifl X is 
countably paracompact. 
roof. A normal space is countably paracompact iff it is a cb-space, [ 15; 19, Theorem 
11. cl 
.6. Corollary (to Theorem 7.3). Addition, subtraction, multiplication and inversion 
(whenever dejned) are continuous in C,(X). 
roof. Slightly modify the proof for C,(X), i.e., of [ 12, Theorem 31. El 
A normal space need not be countably paracompact, [25], and a 
untably paracompact space need not be a cb-space, even if it is locally 
compact, [ 20, p. 2401. 
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